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We propose a reformulation of general relativity by making the Abelian decomposition of 
Einstein's theory. Based on the view that Einstein's theory can be interpreted as a gauge theory 
of Lorentz group, we decompose the gravitational connection (the gauge potential of Lorentz group 
r^) into the restricted connection made of the potential of the maximal Abelian subgroup H of 
Lorentz group G and the valence connection made of G/H part of the potential which transforms 
covariantly under Lorentz group. With this decomposition we show that the Einstein's theory 
can be decomposed into the restricted part made of the restricted connection which has the full 
Lorentz gauge invariance and the valence part made of the valence connection which plays the 
role of gravitational source of the restricted gravity. We show that there are two different Abelian 
decomposition of Einstein's theory, the space-like decomposition and the light-like decomposition, 
because Lorentz group has two maximal Abelian subgroups. In this decomposition the role of 
the space-time metric g^,^ is replaced by a Lorentz covariant four-index metric tensor g^j^ which 
transforms covariantly under the Lorentz group, and the metric-compatibility condition Vaf/^i/ = 
of the connection is replaced by the gauge covariant condition D^g'"' — which tells that g^i, is 
invariant under the parallel transport along the 9;j-direction defined by T^. We discuss the physical 
implications of the Abelian decomposition. In particular, we argue that the decomposition implies 
the existence of a restricted theory of gravitation which has the full general invariance but has less 
physical degrees of freedom. 
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I. INTRODUCTION 

Einstein's theory of gravitation and the gauge theory 
(Abelian and non-Abelian) are two fundamental ingre- 
dients of theoretical physics which have played a crucial 
role to advance our understanding of nature. Einstein's 
theory has been very successful describing the gravita- 
tional force. At the same time it has played a crucial role 
in unified theory [H, 01 ■ In fact all modern unified the- 
ories, including the superstring, are based on Einstein's 
theory one way or another. This originates from the gen- 
eral invariance principle of Einstein's theory which guar- 
antees that all physical laws should be independent of 
the observers. For this reason Einstein's theory has been 
the subject of intensive theoretical study. 

The gauge theory, the other important ingredient 
in theoretical physics, describes the electroweak and 
strong forces. But the gauge theory is closely re- 
lated to Einstein's theory. Indeed the gauge theory it- 
self can be viewed as an Einstein's theory originating 
from the extrinsic curvature of (4-|-n)-dimensional uni- 
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fied space. It is well-known that the (4+n)-dimensional 
unified space made of the 4-dimensional space-time and 
an n-dimensional internal space, the (4-t-n)-dimensional 
Einstein's theory reproduces the gauge theory when the 
internal space has an n-dimensional isometry G. In fact 
the (4-|-n)-dimensional Einstein's theory provides a nat- 
ural unification of gauge theory with gravitation, which 
is known as the Kaluza-Klein miracle [l|, [3, d, 0, IB ■ 

Conversely Einstein's theory itself can be understood 
as a gauge theory, because the general invariance of Ein- 
stein's theory can be viewed as a gauge invariance. The 
idea that the general invariance can be associated to a 
gauge invariance has been proposed by many people, but 
the actual application of this idea to Einstein's theory has 
been non-trivial [EHjBIS, 10, 11]. There are two ways to 
formulate the Einstein's theory as a gauge theory. One 
can view it as a gauge theory of 4-dimensional transla- 
tion group, because the local 4-dimensional translation 
can be identified as the general coordinate transforma- 
tion f6|. In this case one can identify the gauge poten- 
tial of the translation group as the (non-trivial part of) 
the tetrad [P]. Or, one can view it as a gauge theory 
of Lorentz group (or Poincare group in general), because 
the Lorentz gauge transformation can also be interpreted 
as the general coordinate transformation 0, [l] ■ In this 
case one can identify the gauge potential of Lorentz group 
as the spin connection [10|, . This tells that the two 
theories are closely related. 
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During the last few decades our understanding of non- 
Abelian gauge theory has been extended very much. By 
now it has been well known that the non-Abelian gauge 
potential allows the Abelian decomposition [T^ . [Tsj . It 
can be decomposed into the restricted potential of the 
maximal Abelian subgroup H of the gauge group G which 
has an electric-magnetic duality and the valence poten- 
tial oi G/H which transforms covariantly under G. A re- 
markable feature of this decomposition is that it is gauge 
independent. As importantly, the restricted potential has 
the full non-Abelian gauge degrees of freedom, in particu- 
lar the topological degrees of the gauge group G, in spite 
of the fact that it consists of only the Abelian degrees of 
the maximal Abelian subgroup H. This means that we 
can construct a restricted gauge theory, a non-Abelian 
gauge theory made of only the restricted potential which 
has much less physical degrees of freedom, which never- 
theless has the full gauge invariance. Furthermore, we 
can recover the full non-Abelian gauge theory simply by 
adding the valence part. This tells that the non-Abelian 
gauge theory can be interpreted as a restricted gauge 
theory which has the valence potential as the gauge co- 
variant source [l^, ■ The importance of this decom- 
position is that the restricted part plays a fundamental 
role for us to establish the Abelian dominance in non- 
Abelian dynamics, which have been pivotal in proving 
the mono pol e condensation and confinement of color in 

QCD [ilMlil,!!^- 

The purpose of this paper is to present a similar 
Abelian decomposition of Einstein's theory, regarding the 
theory as a gauge theory of Lorcntz group. Applying the 
Abelian decomposition to the gauge potential of Lorentz 
group, we show that we can decompose the gravitational 
connection to the restricted connection and the valence 
connection. With this we decompose the Einstein's theory 
into the restricted part made of the restricted connection 
and the valence part made of the gauge covariant valence 
connection. The decomposition tells that the Einstein's 
theory can be viewed as a restricted theory of gravitation 
which has the gauge covariant valence connection as the 
gravitational source. We show that Einstein's theory al- 
lows two different Abelian decompositions, the space-like 
decomposition and the light-like decomposition, because 
the Lorentz group has two maximal Abelian subgroups. To 
decompose the Einstein's theory, we introduce the con- 
cept of the gauge covariant metric gp,y, a four-index ten- 
sor g^^'' which forms an adjoint representation of Lorentz 
group, and show that the metric-compatibility condition 
of the gravitational connection Vq^^^ = is transformed 
to the gauge covariant condition D^gf^^ — which as- 
sures the invariance of g^^ under the parallel transport 
along the S^^-direction. 

Of course, Einstein's theory as a gauge theory of 
Lorentz group is different from the ordinary non-Abelian 
gauge theory Q. In gauge theory the fundamental field 
is the gauge potential, but in Einstein's theory the fun- 
damental field is the metric. And in the gauge formu- 



lation the gauge potential of Lorentz group corresponds 
to the gravitational connection, not the metric. Also, in 
gauge theory the Yang-Mills Lagrangian is quadratic in 
field strength. But in gravitation the Einstein-Hilbcrt 
Lagrangian is made of the scalar curvature, which is 
linear in field strength 10|. Nevertheless we can still 
make the Abelian decomposition of the gravitational con- 
nection, and express the Einstein-Hilbert Lagrangian in 
terms of the restricted connection and the valence con- 
nection. With this we can separate the restricted part of 
gravitation from the Einstein's theory, and show that the 
theory can be interpreted as a restricted theory of grav- 
ity which has the valence connection as the gravitational 
source. 

The paper is organized as follows. In Section II we 
review the geometry of gauge theory and Abelian decom- 
position for later purpose. In Section III we discuss the 
simplest Abelian decomposition, the U{1) decomposition 
of SU{2) gauge theory, as an example to help us to under- 
stand the Abelian decomposition of Einstein's theory. In 
Section IV we show how to decompose the gravitational 
connection to the Abelian part and the valence part. We 
show that there are two different ways of Abelian de- 
composition, because the Lorentz group has two maximal 
Abelian subgroups. In Section V introduce the concept 
of the Lorcntz covariant metric tensor, and show how to 
decompose the Einstein's theory to the restricted part 
and the valence part. We discuss two different decompo- 
sitions of Einstein's theory separately. Finally in Section 
VI we discuss the physical implications of our results. 



II. GEOMETRY OF GAUGE THEORY: A 
REVIEW 

To understand how to make the desired Abelian de- 
composition of Einstein's theory, we have to understand 
the Abelian decomposition of gauge theory first. So in 
this section we review the geometry of gauge theory and 
Abelian decomposition. Let P be a (4-|-n)-dimensional 
unified space endowed with the metric gAB [A, B — 
1,2, ...4 -|- n), which has an n-dimensional linearly in- 
dependent isometry (the left isometry) which forms an 
isometry group G. Let the isometry be described by n 
linearly independent vector fields ^i, 

C^.gAB^O, (AS = 1,2, ...4 + n) (1) 

where k is the scale parameter which determines the 
length of the isometry vector fields, and is the Lie 
derivative along ^i. Clearly the integral manifold of the 
isometry vector fields forms an n-dimensional group man- 
ifold G which acts vertically on P. Let 11 be the horizon- 
tal projection oipGP to xGM = P/G, and identify 
the 4-dimensional quotient space M as the space-time 
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manifold. With this we can view the unified space as a 
(4+n)-dimensional fiber bundle P{M, G) made of the 4- 
dimensional space-time M as the base manifold and the 
n-dimensional group space G as the fiber space on which 
G acts as the structural group 01 • 

Let df^ (p — 0, 1, 2, 3) be a coordinate basis on M, 

[d„ d,] = 0. (2) 

and Dfj_ = ■ 9^ be the horizontal lift of on P. 
Clearly and (,i forms a basis of P which has the fol- 
lowing commutation relations [3, 0] , 



(3) 



Moreover, since are horizontal, we have 



5abC/?/ = '^.,- (4) 
So, in the basis ([3]) the metric acquires the following form 



9AB 



(5) 



This suggests us to identify g^j^y and as the 4- 
dimensional metric on the space-time manifold M and 
the n-dimensional internal metric on the fiber space G. 
From ([3]) and (O we can calculate the Einstcin-Hilbert 
action on P. With 



g = Det (5^^), = Det 

= 01/" ftj, |Detpjj| = l, 

we have (up to a total divergence) 0, [J 

Vg 



(6) 



-t--pV 7^ (D^p.kKDyp.i) - — 

-Ap + \{\Detp,,\^l)'j d'^x, (7) 



where Gp and Ap are the (4-|-n)-dimensional gravita- 
tional constant and cosmological constant of P, Vq is 
the n-dimensional volume of the group space G, Rm and 
Rg are the scalar curvatures of the 4-dimensional metric 
7^j/ and the n-dimensional metric 0^ j . 

To clarify the meaning of the unified action (|14p we 
introduce another basis defined by a cross section a{x) 
in P. Let U be an open subset of M, and a{x) be a 4- 
dimensional submanifold in P which is diffeomorphic to 



U with n • a{x) = X €E t/. Clearly we can view u as a 
mapping from U to a <Z P, 



a: a; e C/^ e n-i([/). 



(8) 



Let = a ■ he the mapping of the vector field 9^ 

on a{x) induced by , and let be the vector field 
induced on I\~^{U) obtained by the vertical translation 
of dii:'^\ Clearly 9^ and form a basis on 11^^ [U] which 
has the following commutation relations 



Let 



[^^,, dy] = 0, 



(9) 



5ABe/a^^ = «0y-4;, (10) 



and find that in this basis the metric is written as 



gAB 



(11) 



Moreover, with ^ and PTI)) we have 

F^,'-^ = 9^^.'= - dyA^^ + 4. a; . (12) 

This tells that A^ and F^J' can be interpreted as the 
gauge potential and the field strength of the isometry 
group G (in which the coupling constant g is normalized 
to be the unit), and the horizontal lift basis plays the 
role of the gauge covariant derivative. 



Now, with 



(13) 



([T4)) is written as 
Sp- 



+Rg exp ( If) — Ap exp 1 



n + 2 



.^exp(!i±^ ^)a.-5''V^VF„ 
+\{\Detpij\- 1)| d^x, 



(14) 



where i?G is the scalar curvature of the normalised metric 

Pab, 

p / „ \ ^ f d f b ac ^ r m f n ac bd 

RcKPab) - ~-^Jab Jed P ~ -^Jab Jed P P Pmn, 
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This tells that the (4+n)-dimensional Einstein's theory 
indeed describes the unified theory of the 4-dimensional 
Einstein's theory and the gauge theory of the isometry 
group G coupled to the gauge covariant internal metric 
, provided that [1, [J 



Vg 



1 



167rGf 



16ttG 



N 



167rG 



1. 



N 



(15) 



where Gjv is the 4-dimensional Newton's gravitational 
constant. In this unification the isometry group G plays 
the role of the gauge group, and the choice of a cross 
section corresponds to the choice of a gauge Notice, 
however, that the metric g^j/ on M is the Jordan metric, 
not the Pauli metric which describes the spin-2 graviton. 
To obtain the metric which describes the spin-2 graviton 
one need to make a proper conformal transformation of 
the Jordan metric [18|. 

Notice that, when (pij becomes the bi-invariant metric 



With this preliminary, we now discuss the geometry 
of Abelian decomposition. Clearly any extra isometry on 
P will further restrict the metric qab, and thus reduce 
the physical degrees of the unified theory. Suppose we 
have an extra right isometry (the magnetic isometry) H 
which is vertical, which commutes with the left isometry 
G. Let the right isometry be described by ma, 

Va Crn^gAB ~ 0, 
[nia, nib] = fab^'^c, 

[ma,£,t]^0. {a, b, c = 1,2,..., m<n) (18) 

Clearly the last commutation relation tells that rha = 
{ra^ , ...,toJ') forms an adjoint representation of G. 
Furthermore, when (h 



Sij , the magnetic isometry can 



be written as [li 



c-\ J ik J jl ' 



(16) 



the scalar source disappears completely from (|T4|) . 
and the (4-|-n)-dimensional Einstein-Hilbert action is 
simplified to 



1 



IGttGat 
+Rg 



A, 



4 A"' 



(17) 



where Rm and Rq are the scalar curvature of the 4- 
dimensional space-time and the n-dimensional internal 



space. And Rq (with 



6ij) becomes a constant. 



This provides the (4-|-n)-dimensional unification of grav- 
itation and gauge theory with no other source, where 
Rg — Ap — Am now plays the role of the 4-dimensional 
cosmological constant [3, 4] . 

We emphasize that in this unification the volume of 
the fiber space is space-time dependent, because — 
4>{x). More importantly, the volume of the group space 
Vg (relative to the volume of the space-time Vm) is left 
arbitrary, so that the internal space can have any size. 
In spite of this the internal space becomes completely 
unphysical and unobservable. This is because this uni- 
fication is the unification by isometry, in which the in- 
ternal space becomes unobservable because of the exact 
isometry i, i, ij. And there is no "higher modes" of 
internal metric in this unification. In comparison, in the 
popular higher-dimensional unification where the inter- 
nal space has no isometry, the internal space becomes 
"unobservable" only when it is small (of the order of the 
Planck scale) [l^. Moreover, one has to deal with the 
"higher modes" of internal metric in the popular uni- 
fication. We believe that our unification by isometry 
provides the only logically consistent higher-dimensional 
unification of gauge theory with gravitation (2(]| . 



Va D^,rha = 0, 
rha X hiii = rhc. 



(19) 



This condition restricts the gauge potential, and defines 
the restricted potential which satisfies the extra magnetic 
isometry. 

Let H be the maximal Abelian subgroup of G, and let 
Af^ be the restricted potential which satisfies the above 

condition. Then the most general gauge potential can 
be written as 



(20) 



where is the G/H part of potential which trans- 
forms covariantly under the gauge transformation. This 
is because the space of gauge potentials (the connection 
space) forms an Affine space, so that one can obtain ar- 
bitrary potential by adding a gauge covariant vector field 
to the restricted potential. This allows us to identify Xf^ 
as the valence potential. This decomposition of gauge 
potential is called the Abelian decomposition [l^, [S] ■ 

The above Abelian decomposition has important fea- 
tures. First the restricted potential enjoys the full 
gauge symmetry of G, in spite of the fact that it is 
restricted. This is because the left isometry G (the 
full gauge symmetry) remains intact in this decompo- 
sition [JH, Q . Secondly, it retains all essential topolog- 
ical properties of G. In particular, naturally selects 
the magnetic potential which describes the non- Abelian 
monopole. For this reason the right isometry is 
called the magnetic isometry. But most importantly, the 
decomposition is gauge independent. Once H is chosen, 
the decomposition follows automatically, independent of 
the choice of a gauge. 
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III. ABELIAN DECOMPOSITION OF S;7(2): AN 
EXAMPLE 

To show how the Abehan decomposition works, we 
consider the SU(2) gauge theory for simphcity. Let fi 
be an arbitrary isotriplet unit vector field, and identify 
the maximal Abelian subgroup to be the U{1) subgroup 
which leaves n invariant. Clearly n selects the "Abelian" 
direction (i.e., the color charge direction) at each space- 
time point, and the the Abelian magnetic isometry can 
be described by the following constraint equation 

D^,n = d^n + gA^-Kn = Q. {fi^ = 1) (21) 

This has the unique solution for yl^ which defines the 
restricted potential 

where = n-A^ is the "electric" potential. Notice that 
the restricted potential is precisely the connection which 
leaves n invariant under the parallel transport, 

Dfj,fi = d^h + gA^j, x n = 0. 

This process of selectin g th e restricted potential is called 
the Abelian projection |l2l. [l3l| . 

With the Abelian projection we can retrieve the full 
gauge potential by adding the gauge covariant valence 
potential to the restricted potential, 

= A^,n --fix df,h + X^^ Af,+ X^, 
M p ^ p 

(n2 = 1, n-Xf,^ 0). (23) 

This is the Abelian decomposition which decomposes the 
gauge potential into the restricted potential and the 
valence potential [l^, [13 ■ 

Let d is an infinitesimal gauge parameter. Under the 
infinitesimal gauge transformation 

dn = —d X n, 6Afj_ = -Df^d, (24) 

one has 

SA^ = i?i • dfj^d, SAfj^ = ^Df,d, 

SX^^-dxX^. (25) 

This shows that A^ by itself describes an SU{2) connec- 
tion which enjoys the full SU{2) gauge degrees of free- 
dom. Furthermore X^^ transforms covariantly under the 
gauge transformation. Most importantly, the decompo- 
sition is gauge-independent. Once the color direction fi 
is selected, the decomposition follows independent of the 
choice of a gauge. 



To understand the physical meaning of our decompo- 
sition notice that the restricted potential A^ actually has 
a dual structure. Indeed the field strength made of the 
restricted potential is decomposed as 

F^,^ ^ df,A^- d„Af, + gAf, x A^ 

Ffii^ ~ 9fiA,y — d,jA^, 
H^^ = -in • [d^h X dyh) = d^^C^ - d^C^, (26) 

where is the "magnetic" potential [l^, [l^l- Notice 
that we can always introduce the magnetic potential (at 
least locally section- wise), because H^i, forms a closed 
two-form 

dtiH'l^y = (i?^^ = -e-f^^paHpa). (27) 

This allows us to identify the non- Abelian magnetic po- 
tential by 

C^ = --hxd^h, (28) 
9 

in terms of which the magnetic field strength is expressed 
as 

= -gCfj, X = ^5^''" ^ '^"^ ^ Hp„h. (29) 

As importantly v4^, as an SU{2) potential, retains all 
the essential topological characteristics of the original 
non-Abelian potential. This is because the topological 
field n naturally represents the non-Abelian topology 
712(8'^) which describes the mapping from an in 3- 
dimensional space R!^ to the coset space SU{2)/U{1), and 
7r3(S''^) ~ 7r3(S'^) which describes the mapping from the 
compactified 3-dimensional space to the group space 
S^. Clearly the isolated singularities of fi defines 7T2{S'^) 
which describes the non-Abelian monopoles. Indeed 
with h = f describes precisely the Wu-Yang monopole 
HH . This is why we call (7^ the magnetic potential. 
Besides, with the compactification of i?^, h character- 
izes the Hopf invariant 7r3(S'^) — TrjGSf ) which describes 
the topologically distinct vacua [12, [H, [l^l ■ 

With (HSl) we have 

F^,u = Ff,, + Df,X, - D,Xp + gX^ x X,, (30) 
so that the Yang-Mills Lagrangian is expressed as 

^ = ^^^ly = ^4^M'' ^ -^{Dp,Xt, - byXpY 

2 

-lF,,-{XpXX,,)-^-(X^xX,f 

+X{n^-1) + Xpn-Xp., (31) 
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where A and are the Lagrangian multipHers. 
the Lagrangian we have 



From 



5X^ 



= -gn ■ {X^ X {D^X, - ^.X^)}, 

b^{b^x,-b,x^) 

^g{F^, + H^,+X^,)nxX^. (32) 



where 



X„ 



gn - (Xf, X X^). 



Notice that here n has no equation of motion even though 
the Lagrangian contains it exphcitly. This is because 
it represents a topological degrees of freedom, not a lo- 
cal degrees of freedom [l^, u^- From this we conclude 
that the non-Abelian gauge theory can be viewed as a 
restricted gauge theory made of the restricted potential, 
which has an additional colored source made of the va- 
lence giuon. 



Obviously the Lagrangian (j3ip is invariant under the 
active gauge transformation P^ . But notice that the 
decomposition introduces another gauge symmetry that 
we call the passive gauge transformation [11, [l^ , 



Sh = 0, 



under which we have 



1 
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(33) 



SAf, = -{n ■ Df^d)h, 



5Xfj_ = -{Df^d - {n ■ Df,d)n}. 



(34) 



This is because, for a given A^, one can have infinitely 
many different decomposition of (j23p . with different A^ 



and X^ choosing different n. Equivalently, for a fixed 
n, one can have infinitely many different A^ which are 
gauge-equivalent to each other. So our decomposition 
automatically induce another type of gauge invariance 
which comes from different choices of decomposition. 
This extra gauge invariance plays a crucial role in quan- 
tizing the theory p^ . 



An important advantage of the decomposition 
is that it can actually "Abelianize" (or more precisely 
"dualize") the non-Abelian dynamics, without any gauge 
fixing To see this let {ni,h2,n3 = n) be a right- 

handed orthonormal basis and let 



where now the magnetic potential C^j can be written ex- 
plicitly as 
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(36) 



up to the U{1) gauge transformation which leaves h in- 
variant. So with 



A^ — A^ + C^, F^u — d^Ajj — djyAfj 
X,^^{Xl + zXl), 



(37) 



one could express the Lagrangian explicitly in terms of 
the dual potential and the complex vector field AT^, 



>C - ~-F^,, - -\b^X, - D^X^f + igF^,x;x, 



-y{{x;x,f-{x;f{x,f}, 



(38) 



where now 



Clearly this describes an Abclian gauge theory coupled 
to the charged vector field AT^. But the important point 
here is that the Abelian potential is given by the sum 
of the electric and magnetic potentials A^ + . In this 
form the equations of motion (I32p is re-expressed as 



5^(F^. + X^,) = igX;{D^X, - D,X^) 

-igX^{b^X,-D,X^)\ 
D^{D^X, - D^X^) = igX^{F^, + X^,). (39) 

where now 

Xf_cu = ^Wi^li^y ~ X^X^). 

This shows that one can indeed Abelianize the non- 
Abelian theory with our decomposition. The remarkable 
change in this "Abelian" formulation is that here the 
topological field n is replaced by the magnetic potential 

One might ask whether this "Abelian" theory re- 
tains the original non-Abelian gauge symmetry, and if 
so, how the non-Abelian gauge symmetry is realized in 
this "Abelian" theory. To answer this notice that here we 
have never fixed the gauge to obtain this Abelian formal- 
ism, so that the original non-Abelian gauge symmetry 
must remain intact. To see this let 



{Xl = ni • X^, 



n2 ■ Xfj,) 



and find 



b^X, = {d^Xl - giA^ + C^)Xi}hi 
+{d^X^,+9{A^ + C^)Xl}n2, 



(35) 



a — ai ni + a2 n2 + d n, 
1 



a 
1 



V2 



(ai + i a2), 



(40) 
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Then the Lagrangian (|38p is invariant not only under the 
active gauge transformation described by 

SX^ = 0, (41) 

but also under the passive gauge transformation (j33p de- 
scribed by 



1 
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SC^ - 0, 



SX„ 



-D^a^ieXf,. 



(42) 



This tells that the "Abelian" theory not only retains the 
original non- Abelian gauge symmetry, but actually has 
an enlarged (both the active and passive) gauge symme- 
tries. Again this is because this Abelianization is not 
the "naive" Abelianization of the SU{2) gauge theory 
which one obtains by fixing the gauge. Our Abelianiza- 
tion is a gauge independent Abelianization which retains 
the full non- Abelian gauge symmetry of the original the- 
ory. Moreover, we emphasize that here the Abelian gauge 
group is actually made of C/(l)e (8) f/(l)m, so that the 
Abelian theory becomes a dual gauge theory [l^, fisj . 
This is evident from (|¥T|) and 



The above U{1) decomposition of SU{2) was first in- 
troduced long time ago in an attempt to demonstrate the 
monopole condensation and color confinement in QCD 
[isj , and the importance of the decomposition in es- 
tablishing the Abelian dominance in non- Abelian dynam- 
ics has become appreciated by many authors [3, 
Now we show that this decomposition plays a crucial 
role for us to make the Abelian decomposition of the 
Einstein's theory. 



IV. DECOMPOSITION OF GRAVITATIONAL 
CONNECTION 



We apply the above Abelian decomposition to Ein- 
stein's theory, regarding Einstein's theory as a gauge the- 
ory of Lorentz group. To do this we introduce a coordi- 
nate basis 

[df,, d^] = 0, (^,1/ = t,x,y,z) 
and an orthonormal basis 

Ka, 6] ^/ab'^c (a, 6 =0,1, 2, 3) 

= e,^d^, = e/^a, (43) 

where e^" and ej^ are the tetrad and inverse tetrad. Let 
Jab — —Jba be the generators of Lorentz group, 

[Jab, Jed] = VacJbd ^ VbcJad + VbdJac — VadJbc 

f mn T 

~ Jab.cd 'J mm 

f mn _ s [mc n] _ r [m . n] 

Jab.cd — 'lacOf, l/bcOa 0^ 

+VbdOa Oc'-rhdSi,' Oc (44) 



where rjab = diag (—1,1,1,1) is the Minkowski metric. 
Clearly Jab has the following 4-dimensional matrix rep- 
resentation 



{Jab)c'- = -VacSb'' + Tlbc5a\ 



(45) 



SO that under the infinitesimal gauge transformation we 
have 



5 el = {rjadS,^ - VbdSa^) a"" e^^ 



(46) 



where a°'^{— —a'"^) is an infinitesimal gauge parameter of 
the Lorentz group. Instead of {ab,cd, ...) we can use the 
index {A, B, ...) = (1, 2, 3, 4, 5, 6) = (23, 31, 12, 01, 02, 03), 
and write 

[J A, Jb] = Jab^ Jc ■ 
Moreover, with 

-^^1,2,3 = '^1,2,3 — '^23,31,12 
Ki.2,Z — Ji,b.& — •A)!, 02, 03 

the Lorentz algebra is written as 



Li] — ^iikL 



ijk-L/k, 



Kj] = ^ijkKk 



[K^, K,] 



Lk, {i,j,k^ 1,2,3) (47) 



where Li and Ki are the 3-dimensional rotation and 
boost generators. Notice that the generators can be 
viewed as the left-invariant basis vector fields on the 
Lorentz group manifold which satisfy the commutation 
relation. 

As we have pointed out, we can regard Einstein's the- 
ory as a gauge theory of Lorentz group. In this view 
the gravitational connection T^^ (or more precisely the 
spin connection oj^^) corresponds to the gauge poten- 
tial r^"'', and the curvature tensor R^^'' corresponds to 
the gauge field strength F^J^^ of Lorentz group. And 
to obtain the desired decomposition we have to decom- 
pose the gauge potential F^"'' first. Now, to apply the 
above SU (2) decomposition to Lorentz group, we have to 
keep in mind that there are notable differences between 
SU(2) and Lorentz group. First, the Lorentz group is 
non-compact, so that the invariant metric is indefinite. 
Secondly, the Lorentz group has the well-known invari- 
ant tensor Cabcd which allows the dual transformation. 
Thirdly, the Lorentz group has rank two, so that it has 
two commuting Abelian subgroups and two Casimir in- 
variants. Finally, the Lorentz group has two different 
maximal Abelian subgroups A2 and B2 |25||. These dif- 
ferences make the decomposition more complicated. 

The invariant metric Sab of Lorentz group is given by 



1 



3AB 



J AC JBD 



diag (1,1,1,-1,-1,-1). 



(48) 
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Let p"'' {p'^^ = —p^°') (or p'^) be a gauge covariant sextet 
vector which forms an adjoint representation of Lorentz 
group, 



1 



A — f ca ab ran 

° P — 2Jab,mn P 



(49) 



Clearly it can be understood as an anti-symmetric tensor 
in 4-dimensional Minkowski space which can be expressed 
by two 3-dimensional vectors m and e, which transform 
exactly like the magnetic and electric components of an 
electromagnetic tensor under the 4-dimensional Lorentz 
transformation. And we can denote by p, 



P = ^Pabl"- 



fh \ 
e j' 




jab 


1 lab 



rab _ 7nn j ab 



ab , ab h ab . fx o, s: b x bx a- 



led = i^c^S/ - ^c'<5/) = -{JcdT'. (50) 

where — eijkP^^ /2 {i,j,k — 1,2, 3) is the magnetic (or 
rotation) part and = is the electric (or boost) part 
of p. From the invariant metric (|48p we have 



(51) 



P = -jPabP"" TO" - e- 



SO that the invariant length can be positive, zero, or neg- 
ative. This, of course, is due to the fact that the invariant 
metric (|3H1) is indefinite. 

The Lorentz group has another important invariant 
tensor cab which comes from the totally anti-symmetric 
invariant tensor eabcd, 



<^AB — ^ab,cd — ^abcd- 



(52) 



This tells that any adjoint representation of Lorentz 
group has its dual partner. In particular, p has the dual 
vector p defined by p"'' = e'''""^Pcd/2- With ^ we have 
(with eoi23 = +1) 



e 

-TO 



P, 



p^ = e"^ — TO^ = — P , 
P ■ P ^eafccrfP" V 2to • e. 



Moreover, since 



[p X p'Y'' = (p X p') • P'' 

= -??c<i(p"V'''-pV'"'), 



we have 



or equivalently 



[P, P] = 0, 



p X p = 



(53) 

(54) 
(55) 
(56) 



This tells that any two vectors which are dual to each 
other are always commuting. Finally with two vectors p 
and p' we have 



p • p' = m • to' — e • , 



p • p' = m • 



e • to' = p • p'. 



p X p' 
p X p' 



m X + e X m' 
—TO X to' + £? X e' 

p X p' = p X p'. 



-P X P 
p X p' 



(57) 



so that we can always reduce the operations of sextet vec- 
tors of Lorentz group to the operations of 3-dimensional 
vectors. 

Let (ni,n2,?^3 ~ fi) he a. 3-dimensional unit vectors 
(ri| — 1) which form a right-handed orthonormal basis 
with rii X 71,2 = «.3, and let 



1,; 



Clearly we have 
1,: • 1, 



(58) 



h X L 



(59) 



so that (li, ki), or equivalently (1^, 1^), forms an orthonor- 
mal basis of the adjoint representation of Lorentz group. 

To make the desired Abelian decomposition we have 
to choose the gauge covariant sextet vector fields which 
form adjoint representation of Lorentz group which de- 
scribe the desired magnetic isometry. To see what types 
of isometry is possible, it is important to remember that 
Lorentz group has two maximal Abelian subgroups, A2 
made of L3 and and B2 made of (Li -I- K-2)l\f2 and 
(Li — Ki)/y/2 [2^. This tells that we have two possible 
Abelian decompositions of the gravitational connection. 
And in both cases the magnetic isometry is described by 
two, not one, commuting sextet vector fields of Lorentz 
group which are dual to each other. To see this let us de- 
note one of the isometry vector field by p which satisfy 
the isometry condition 



^mP = (^M + r^x) P = o, 



(60) 



where we have normalized the coupling constant to be the 
unit (which one can always do without loss of generality) . 
Now, notice that the above condition automatically as- 
sures 



^uP- (a. + r„x) p = o. 



(61) 



because tabcd is an invariant tensor. This tells that when 
p is an isometry, p also becomes an isometry. To verify 
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this directly we decompose the gauge potential of Lorentz 
group into the 3-dimensional rotation and boost parts 
Afj^ and B^j^, and let 

With this both and can be written as 

D^e^-B^xm, (63) 

where now 

Df, = + Af, X . 

This confirms that (|60|) and (l6T|) are actually identical 
to each other, which tells that the magnetic isometry in 
Lorentz group must be even-dimensional. 

Since Lorentz group has two invariant tensors it has 
two Casimir invariants. And it is useful to characterize 
the isometry by two Casimir invariants. Let the isometry 
is described by p and p. ft has two Casimir invariants a 
and /3, 

a = p • p = — e^, 
j3 = p . p = 2to • e. (64) 

But the Casimir invariants (a, (3) depends on the choice 
of the isometry vectors. To see this consider p' and p' 
given by a linear combination of p and p, 

p' = ap + bp, p' — ap — bp. (65) 

Clearly we have 

D^p' - 0, D^p' ^ 0, (66) 

so that they can also be viewed to describe the same 
isometry. But their Casimir invariants (a',/3') are given 
by 

a' = (a^ - b'^)a + 2ab(3, 

(3' = (a2 - b^)(3 - 2aba. (67) 

And with 

" 2(a2+/32) ' 2(a2+/32) ' 

we can always make 

a' = 1, /3' = 0, (68) 

unless q;2 + = 0. This tells that we can always choose 
p and p in such a way to make (a,/3) to be (1,0) or 
(0,0). Physically this means that the magnetic isometry 
in Einstein's theory can be classified by the space-like (or 
equivalently time-like) isometry and the light-like isom- 
etry whose Casimir invariants are denoted by (1,0) and 
(0,0), respectively. Notice that there is no need to talk 
about the time-like isometry, because the isometry vec- 
tors always contains the dual partners. But we emphasize 
that once p and p are chosen, (a, (3) are uniquely fixed. 
Now we discuss the two isometrics A2 and B2 separately. 



A. A2 (Space-like) Isometry 

Let the maximal Abelian subgroup be A2. In this case 
the isometry is made of L3 and and we have two 
sextet vector fields which describes the isometry which 
are dual to each other. Let p and p be the two isometry 
vector fields which correspond to and K3 . Clearly we 
can put 

P^/l3^/(2), 

P = / 13 - / ( ) , (69) 

where / is an arbitrary function of space-time. The 
Casimir invariants of the isometry vectors are given by 
(/2,0). But just as in SU{2) gauge theory the isometry 
condition ((60)) requires / to be a constant, because 

= 9^p' = 2p • D^p = 0. (70) 

And we can always normalize / = 1 without loss of gen- 
erality. 

So the A2 isometry can always be written as 

D^l = 0, D^l = 0, (71) 

whose Casimir invariants are fixed by (1,0). With this 
we find the restricted connection which satisfies the 
isometry condition 

f,, = r^i-r^i- 1x9^1, 
r^ = i-r^, r^-i-r^, (72) 

where and are two Abelian connections of 1 and 
1 components which are not restricted by the isome- 
try condition. At first glance this expression appears 
strange, because one expects that 1 and 1 should con- 
tribute equally in the restricted connection since (j60p and 
(|5T|) are identical. Actually they do contribute equally 
because we have 

1 X 9^1 - -i X d^l (73) 
so that we can express the restricted connection as 

f^ = F^i-f^i-i(ixa^i-ixa^i). (74) 

The restricted field strength R^i, which describes the re- 
stricted curvature tensor i?^ is given by 

■R'/ji/ = dfj^Yij — 9,yFp + Fp X Fj/ 

= (r^^y + Hf^iy) 1 — (Fpy 4- Hfj^iy) 1, 

F — (9F— (9F F — 8 r ~ 3 V 

H^, = -i-{df,ixdj), 
H,,, = -i • {d,,i X d,i) = i • (a^i x aj) 

= 0, (75) 
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so that we have 

p ab "D jab 

^{r^..+H^,) l'^'' ~f^,l''\ (76) 

Notice that Hf^^, vanishes. 

In 3-dimensional notation the isometry condition (|7ip 
can be written as 




D^=d^ + X . (77) 

From this we have 

Afj, = r^n - h X df,h, = f ^ri, 

r^ = n-i^, r^=n-B^. (78) 

Moreover, with 

R„„^(|-), (79) 

we have 

^/if = df^Au dijA^ + X Ay — X 

= (r^y + H^^)n, 
B^,u = d^B^ - d^B^ + A^x B^ + B^x 

= D^B„ — DyBf^ — r^i, n, 
ff^,y = -?i • (9pn X dufi) = d^Ctj - a^C^, 

C^ = -ni -9^712. (80) 

Notice that A^ and are formally identical to the 
restricted potential and restricted field strength of SU (2) 
gauge theory. In particular H^^ is identical to what we 
have in Section III. This, together with H^y = 0, tells 
that the topology of this isometry is identical to that of 
the SU{2) subgroup. 

With this the full connection of Lorentz group is given 

by 

r^ = f^ + z^, i-z^ = i-z^ = o, (81) 

where is the valence connection which transforms 
covariantly under the Lorentz gauge transformation, or 
equivalently under the general coordinate transforma- 
tion. The corresponding field strength R^i, which de- 
scribes the curvature tensor is written as 

Z^i/ — D^/Ly — -Di/Z,, + X Zi^, 

D^^d^ + t^x, (82) 



where Z^^^ is the valence part of the curvature tensor 
which can further be decomposed to the kinetic part Z^,y 
and the potential part Z^^,, 

= Z^y + Z^y, 
— Dfj^Zj, — -DiyZp, Z^y = Zp X Zy. (83) 

Now with 

= Zjj^li - Z^li + Z^l2 - .^^12, 
= h ■ Z^, = li • Z^, 

Z2=l2.Z^, ^2^i2-Z^, (84) 

we have 

Z^y = {v^zl - v,zl)h - [v^zl - vjj^fh 
-f (I?^Z2 - v,zl)h ~ {v^zl - v,zl)h, 





= ^^.Zl - 


Lf^Zl 


— L^Z^, 


-D^Zl 


- d^Zl - 


Lfj.Zl 


+ L^Z^, 


T^^Zl 


= d^.Zl + 


^liZv 


^ L^iZ^, 


-D^zl 


= d^^Zl + 


L^lZI 


+ L^Zl, 




~ T/^ + C/j J -t'/j 





1 • Z,,, = i . Z^, = 0. (85) 

Clearly is identical to the dual potential we have in- 
troduced in Section III in SU (2) gauge theory. Moreover, 
we have 

z;. = w^^ ~ w^X 

Wf,„ = 1 • (Z^ X Z,) 

W^,^l- (Z^ X Z,) 

= Zj.Z'^ - Z^Zf^ + Z^^Z'^ - ZlZf^. (86) 
With this we have the full curvature tensor 

R^. = (r^. + H,,, + w^,)i- (r^, + w^,)i 

= {V^L, - V,L^) 1 - (P^Z, - P.Z^) i 

-f (p^z,! - p.zi) ii - {v,zl - p.zi) ii 
+ (I?^Z2 - v^zl) h ~ {v^zl - v^zl) h 









~ Lfiu 1, 










= d^,Ly ^ 


- zlz^^ - 










= d^Xv - 


- zlz^. - 






7-1 




-T^^Zl, 


rl _ 

^flly — 




-DuZl 






--DuZl, 


72 — 


T^,Z^.- 


-D.Zl 



L,,, = P,,L, - P,L^ = r^, + (87) 
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or equivalently 



Moreover, with 



D ab 



Rjah 



T 1 lab T 1 Tab i r 2 706 r 2 Jab 

^fiv n ~ n + -'^pi/ '2 ~ -'^/iL/ '2 

I T lab T lab 



(88) 



This is the decomposition of the curvature ten- 
sor. The similarity between this decomposition and the 
Abehan decomposition of SU (2) is unmistakable. 

To emphasize the similarity between this isometry and 
the U{1) isometry of SU{2) we introduce the complex 
notation 



i± = -^(ii±ii2), i± = -^(ii±d2), 



(89) 



and find 



Z^, = {V^Z, - V,Z^)* 1+ + {V^Z, - V^Zf,) 1_ 

-(P^Z, - V„Z^)* 1+ - (P^Z, - V„Z,,) I , 
V^Z^ = (9^ + iL^)Z^ - iL^Zl = Dij,Z^ - iL^^Z*, 



(90) 



Here -D^ is identical to the one we have in Section III. 
Moreover, the potential part of Tifj^^, is given by 



Z' = w^^ - w^X 



7I y2 yl y2 yl y2 , yl y2 



— ~^{'Z'*yi'Z'v — 'Z'Z'Z'ii — 'Z'*y^'Z'v + z*z^), 

w^i, = z'l^zl — zlz'j^ + zj^zl — zlz"^ 

= -i{z*^z,-ztz^-z;z, + ztz^). (91) 

With this we have 

R^, = (P^Z, - V,Z^,)* 1+ - (P^Z, - V,Z^)* 1+ 
+ (2?^Z, - P.Z^) 1_ - {V^Z, - V,Z^) L 
+(D^L, - V,L^) 1 - (P^Z, - Vj.^) i, (92) 



or 



+{v^z, - v,z^) 11'' - {v^z, - v,z^) 

+(P^L, - V^L^) - {V^L^ - V^L^) l-K (93) 

This should be compared with the SU{2) decomposition. 
In 3-dimensional notation we have 



^IJ. = Zlhi + Zl n2, = Zlhi + Zl fia, 
n • X„ = 0, n • = 0. 



(94) 



7 _ / -^t"^ 



Y +Y' 



(95) 



we have 



Y^, = bi,Y, - - B^x X,- B^x 

= X^xX,-Y^xY,^ W^, n, 
= X^xY„ + Y^x X„ = W?^, n. 



(96) 



Notice that the kinetic part and the potential part of Z^i, 
are orthogonal to each other. Finally, with 



we have 



■Afiu — Lf^i, n + X 

fii + Liu "2 + L^^ h, 

: Z^^ hi + Z^^ h2 + Z^y h. 



(98) 



This completes the A2 decomposition of the gravitational 
connection. 



B. B2 (Light-like) Isometry 

This is when the isometry group is made of {Li + 
K2)l\f2 and (L2 — K\)l\f2. Let p and p be the two 
isometry vector fields which correspond to {L\-\- K2) j \f2 
and (-L2 — K\)l\f2 which are dual to each other. In this 
case we can write 



li + ka \ _ ! (fix 
V2 ^ ~ V2 V "2 
- f/l2-ki\ f ( h2 



ni 



(99) 



But notice that the Casimir invariants (a, /?) of the isom- 
etry vectors are given by (0, 0) independent of /. More- 
over, here (unlike the A2 case) the isometry condition 
does not restrict / at all, because we have 



a^p2 = 2p • 2)^p = 0, 



(100) 



independent of /. So the B2 isometry vectors contain an 
arbitrary scalar function /(x). 
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Let us put f = and express the B2 isometry by 



so that 



i^MJ = 0, D^i 0, 



(101) 



To find the restricted connection f which satisfies the 
isometry condition we first introduce 4 more basis vectors 
in Lorentz group manifold which together with j and j 
form a complete basis 

k = ^l2 + ki =^ J 



l = -jxk = -jxk = 



l=jxk=jxk= 







(102) 



Notice that 4 of them are null vectors, 

j2 ^ j2 = k2 = k2 = 0, (103) 

but we have 

j-k = -j-k=l, = -12 = 1. (104) 

All other scalar products of the basis vectors vanish. 
Moreover we have 

jxi = -jxi = -j, jxi = jxi = j, 

kxl = -kxi = k, kxl = kxi=-k. (105) 

From this we find the following restricted connection for 
the B2 isometry, 



= j - j - k X 9J 



= j - j - ^{^ X a^j - k X a^,j) 



— k • Fp, — k • r^, 

k X a^j -k X 9J , 



(106) 



where and F^ are two Abelian connections of j and 
j components which are not restricted by the isometry 
condition. 

The restricted curvature tensor R^jy is given by 

F — (9F— (9F F — B r ~ 8 r 
= -k • (9^j X d^k - (9J x a^k), 

H^, = -k • (aj X a,k - aj x a^k), (lo?) 



Rf^f = (r^. + H^,)j-b - (F^, + H^,)j-\ (108) 

This should be contrasted with the restricted curvature 
tensor (l76l) of the A2 isometry. 

In 3-dimensional notation the isometry condition 
(llOip is written as 



r - I 



Df,hi = Bf_,x ii2 - {df_,X)hi, 
D^n2 = -B^ xhi- {d^X)h2. (109) 

From this we have 

Af_, = Alfii + Alh2 + (fii ■ d^h2)nz 



V vf " + ^ ^ " ~ 

+ (ni • df^n2)n3, 
B^ = B^ni + 52^2 - (a^A)n3 

-(9^A)na, 
= ~"yf"2 • ^M^3, 



"2 



C2 = --yl^l • "^A-^S, 



(110) 



so that 



A^ = -na X B^ + -e^jkiui x ?T.j)nfc 
= 52^1 - B^n2 + ^€ijk{ni X nj)"fc! 

= -Alhi + A\n2 - a^fia - (a^A)n3. (Ill) 

Notice that both and B^ have non- vanishing na com- 
ponents. 



With 



we have 



^^1/ — ^^^Au dyAfi + x Ay — B^ x B^ 
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D^Bi, — D^Bfj^ 



= Bl^ni + Bl^h2, 



(112) 



where 



Al^ = Bl^=—{d,K,-d,K,), 



so that 



Aav = -fia X -Bui/, Bu,^ = ns X A 



(113) 



(114) 



Notice that both A^j, and -B^y are orthogonal to n^, al- 
though Afj, and -B^u are not. 

With this we obtain the full gauge potential of Lorentz 
group by adding the valence connection Z^, 



With 



— + z^, 

k • Z^ = k • Z^ = 0. 



5^ = J^k - J^k + L^l - L^l, 
Lfi = 1 • Z^, L/^ = 1 • Zju, 



(115) 



(116) 



we have 

Z^i/ = DfjTiv — Di^Z/j^ 
= Utivi - Uij,^3 + {d^Jv - d^J^^)\s. - {d^J,, - 9^ J^)k 

U/xv = Kfj^Li, — K^Ln — Ki/L^ + KiiL^, 

z;,„ = z„ X z,. = y^„k + F^.ic, 

V^jy JflLi/ J^Liy Ji/L^ JjyL^^ 

= JixLi, — JfxLy + JvL^ — J^L^, (117) 



so that 

+{v^j. - v,j^) k - (p^X - -dJ^) k 

+{V^L, - V^L^) 1 - {V^L, - V^L^) i, 

T^nJv = dfj^Jn — Lfj^Ji, — LfjtJi,. (118) 

Notice that in this case the kinetic part Z^,y contains all 
six components, but the potential part Z'^^ has only k 

and k components. With this we have the full curvature 
tensor 



R-^ii/ — + + Z' 



= (r^, + H^, + c/^,)j - (r 

+{v^j. - p. J^)k - {v^X - vj^)^ 

+{v^j, - v,j^)\!i - (p^X - 

Vf.k^ = d^,k^ - Lf^Kt, - Lf,K^, 
K^, = r^, + H^, + U^, = V^K, - V,K^, 

k^. = f^, + H^, + ?7^, = v^,k, - v,k^, 

T — T) T — T> T 7 —T)1—T)J 



(119) 



or equivalently 



Ty ah "D Ti 



ab 



— K 'i°-'> — 1'^^ 4- T h'^^ — T h'^'> 

+LhX^ - z^,^«^ (120) 

This is the B2 decomposition of the curvature tensor. 
With complex notation 

k± = i=(k±il), k± = i=(k±ii), 



1 

71^ 



1 



— — ^( + iL^), — — ^(J^ + iLfj,), 



Z'^ = ^{K,+iLH)=Z^-^B-, 

Z'^ = ^{k^ + iL^) = Z,~l=B~, 
B^ = Jh±Kh, B^=J^±kH, 



(121) 
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we obtain 



5^. = ~i{Z';Zl - Z':Z'^ - Z'^Zl + Z'J-Z'^)i 

+i{z[*z', - zi*z'^ - z';z', + z'jz'J^ 

-{V^Z, - V,Z^)*k+ - [V^Z, - V,Z^)*k+, 
V^^Z, - [d^ - iB+)Z, - iB+Zt 



+'iB-Z:+zB-Z^. 



(122) 



With this we have 



or 



+{v^z, - v^z^Y k+ - - v,z^)* k+ 

+ {'D^.Z, - V,Z^) k 
-{V^Z,-V,Z^)k^, (123) 



■ab 



+ {V^Z, - V„Z^)* kf - iv,X - v,z^)* If 
+ {V^Z, - V,Z^) k"^ 
-{V^Z,~VJ,yklK (124) 

This should be compared with the 02 result ([92]) or ((93)) . 
In 3-dimensional notation, we have 



Z — ( 



V2 

= (Jf^ni ~ Jf^h2 + ip^s) , (125) 



so that 



fii- X^_,+n2-Y^^ 0, 
fi2 • - f^l • = 0, 
fixY^ = —h X {n X Xfj,). 



Moreover, with 



7 _ ( Xp,v 



(126) 



(127) 



we have 



"1 



i^u - — 



(9^ Ji. - di,Jp)^n2 + Lf_,yh3, 



(128) 



so that 



^'"^ ~ ^^^^^ ^ vf'^^''/ ^ 
+ {-i=U^y ■j=J^,i,]n2+ L^yh^. (129) 



Finally with 



( \ [ -^^u ^ X^u 



Bui, 



B Uf ^ Yni/ 



(130) 



we have 



iST,,,,^ —Jav "2 + Lay-n^, 



+ \—j=K^^y-—j=J^i,^h2^L^^yh-i. (131) 

This completes the B2 decomposition of the gravitational 
connection. 

The above result tells that there exist two different 
Abelian decompositions of the gravitational connection 
and the curvature tensor which decompose them into the 
restricted part and the valence part. This allows us to 
decompose the Einstein's theory in terms of the restricted 
part and the valence part. 



V. DECOMPOSITION OF EINSTEIN'S 
THEORY 



Now we are ready to discuss the decomposition of 
Einstein's theory. Since the Einstein-Hilbert action is 
described by the metric we have to express the above 
decomposition of the gravitational connection in terms 
of the metric. To do this we use the first order formalism 
of Einstein theory. In the absence of the matter field, 
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the Einstein-Hilbert action in the first order formahsm is 
given by 

SK, r^] = j {ee'^.el • R^,) d\ 

e = Det(e^a). (132) 

Notice that here we have introduced the Lorentz covari- 
ant four index metric tensor g^j^ (which should not be 
confused with the two index space-time metric .g^jy) which 
forms an adjoint representation of Lorentz group. From 
P32p we have the following equation of motion 

^r^; i^^g'^"^ = (a^ + r^x)gA"' = 0, (133) 

where — e'^^R^jjab is the Ricci tensor. Clearly the 
first equation is nothing but the Einstein's equation in 
the absence of matter field. But the Ricci tensor is writ- 
ten in terms of the gauge potential, not the metric. To 
understand the meaning of the second equation, notice 
that the second equation tells that g^i^ is invariant under 
the parallel transport along the 9^-direction defined by 
the gauge potential F^. This, of course, puts a strong 
constraint on the gauge potential. In fact without much 
difficulty one can show that the second equation uniquely 
determines F^, 

"p Tab ah 

M ■ ~ ^ l-i 

-e'"^ee^a'^e=, - e'^^d^.e^ ~ d''e\). (134) 

This, of course, is the well known equation of the spin 
connection uj^^ , which confirms that the gauge potential 
F^ of Lorentz group becomes the spin connection. (Here 
T becomes the torsion-free spin connection, but notice 
that in general it can have torsion when a spinor source is 
present). So, the equation -D^g'"' = becomes identical 
to the metric-compatibility condition of the connection 

9t,v = Vabe,^ ej", (135) 

which requires the space-time metric 5^1/ to be invariant 
under the parallel transport defined by the connection. 
So in this formalism D^g,^" = plays the role of Wag^iiy — 
0. This confirms that the above equation (|133p describes 
the Einstein's general relativity. 

With this preliminary, we discuss the decomposition 
of Einstein's theory with the A2 isometry (the space- 
like isometry) first. For this we introduce two projection 
operators which project out the isometry components, 

Sab = ^afc 1 ^ lab 



FEab - lah - Sab - lib ^1 ^ ^1 + 'ab ^2 - lib h, 

y cd / led / jcd 

■^ab — '^ab^ ^ab'^ i 

TT cd T cd cd 

^^ab ^ ^ab ^ab ' 

• Hab - 0, • Uab = (136) 

Clearly Ylab and Haf, become projection operators in the 
sense that 

V'cd V ransr- cd cd 

^ab ■ ^ — 2 ab mn — ^ab J 

nTTcrf "'^ TT mriTT cd TT cd 
q6 • 11 - -11^^ ll„„j - 11^^ , 

Sab • - 0. (137) 

Now we can express the Einstein-Hilbert action as 
+A(12 - 1) + A(l • i) + A^(l • Z") + A^(i • Z^)} d^x, 

HflV = 'R.pv + {DpTiy — DyTj^) + Z^ X Zi/ 

+ (^^Z, -i3,Z^), (138) 

where A's are the Lagrange multipliers. From this we get 
the following equations of motion 

(5e^e; {eelel)[{V-LP-VPL-)lab 

^{V^'LP - VPL'')lab + {D^'ZP - DPZ") ■ Uab] Cpc 

= 0, 

^F,; a^(ee(^ e^P'') + l-(Z^xgA'-) = 0, 
^F,; 5^(e e^^ h^) + 1 • (Z^ x g^"-) = 0, 
57.,- b^(e eP el H"^) + (e e(^e|;) [(Z^ x 1)/-^ 

-Z^ X i)^'^''] = 0. (139) 

Notice that, using the fact that Z)^l = — 0, we can 
combine the last three equations into a single equation, 

i^^g^"- = 0. (140) 

But this is precisely the second equation of (|133p . which 
confirms that (|139p is equivalent to (|133p . 

To clarify the meaning of the above equation we define 
the restricted metric g^j/ decomposing g^t^ 

— ^ Sab G fj^i/ 1 G^tyl, 

G^i, = e e'^ el Uab = Gpi,h - G^^li 
G — e e^ e^ labi G^i, — e e^ e^ lab: 

nl — p pa pb ;1 — p pa pb Jl 

'-'fj.v ~ ^ ^fj, '^i' ''ab^ ^p,u ~ ^ '^n ''ab^ 

G% = ee-elll, G% = e e^ e^ ll,. (141) 
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Notice that 



^ „a h icd ^ 



_^ a jca ^ jcd 



1 

d 



(142) 



Clearly the two two-forms G^i, and Gf^i, can be viewed 
to represent the restricted metric which are dual to each 
other. With this p39p has the following compact expres- 
sion 

+G^^ ■ [b^ZP - DPT/) = 0, 

d^GP" + 1-{Z^ X GP") = 0, 
Df.GP'' + Zf, X {GP" I- GPn) ^0, (143) 

or equivalently 

G^^iVLP - VPL") - G^^iVLP - VPL") 
= -GUV^ZP - VPZn + GUV-Z'^ ~ VPZr), 



d^G^- ^~e,,{ZlGf -Z^G^f ), 



S^Gf" - e^jli^Gf - L^^Gf - Z^GP- + Z^Gp^), 

a^Gf = (i^Gf + ^^Gf - Zl&- - ZIGP-). 

(i,j = l,2, ei2 = -621 = 1) (144) 

This suggests that the valence connection plays the 
role of the gravitational source of the restricted metric. 



In 3-dimensional notation 



Guv — 



_ ( M^, 



(145) 



we have 



TO. 



E^i, = Gj^^fii + G^^n2, 



(146) 



so that the Einstein-Hilbert action (|138p acquires the fol- 
lowing form 

S[eP, L^, L^, Z;, Zl] 

-T6^/{^-(^''^^-^^^^) 

-Gf.vCDPL" - VLP) + G^^iVPZ"' - VZP') 

-G^^iVPZ'"' -V''ZP')^d^x. (147) 



From this we can reproduce (|144p . This completes the 
A2 decomposition (the space-like decomposition) of Ein- 
stein's theory. 

We can repeat the same procedure with the B2 isom- 
etry (the light-like isometry) to obtain the desired de- 
composition of Einstein's equation. With the Einstein- 
Hilbert action 



s[ep, r^, r^, z^] = 



1 



IGitGn 

+A j2 + A(j • j) + A^(k • Z^) + A^k • Z^)} d*x, 

Rfj^u ~ + {Df^Zy — DyZ^) + Z^ X Zi, 

+ {V^L, - V,L^)\ - {V^Lv - VvL^)l, (148) 
we get following equations of motion 

6e^, ; (e el) ({V Rp ~ VPR-) jat 

-{VRP - VPK'^) Jab + Z"P ■ n„b)epc = 0, 
bV, ■ d^{eeP^ j"^)+j-(Z^ xgA"-) =0 
SV, ■ a^e eP^ el f") +] • (Z^ x g^"-) = 
8Z, ■ b^{e eP el U-^) + (e eP el) [{Z, x k)j-^ 

-(Z^ xk)]-"] =0, (149) 

where now 

Ilab = kab j — kab j + ^ab 1 " ^afc 1 = lab — "^ab, 

Sq6 = iab k - jab k. (150) 

Notice that here Tiab and Safe do not make projection 
operators, because 



Uab ■ = kab f - kab f + 



(151) 



Now, again we can combine the last three equations of 
(|149p into a single equation with the help of = Z)^j — 
, 



This confirms that (|149p is equivalent to (|133p . which 
tells that (|148p describes the Einstein's gravity. 



Now, with 



S^i/ — ^ ^ — \J k \J iiv k, 

= eel el 

~ ^ ^fi ^1/ jab-: fiiy — ^ ^fi jahi 
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the equation (|149p is written as 

+G^, ■ Z-P = 0, 

^pJ^-'+j-lZ^ xG^'') = 0, 
b^GP'' + X {J^, k - J^, k) - 0, (153) 

or equivalently 

J^^V'KP - VPK'') - J^.^iVKP - VPK'') 

= -ic^^ivjp - VP J") + k:^,^{v''jp - P'^j") 

-C^.^iVLP - VPL'') + C^.^iVLP - pPi"^), 
d^.JP'' = L,, J^'' + Z,,^^"^ - J^.CP'' - J,,CP\ 
df.JP'' = -L^JP'' + L^.JP'' + J^CP'' - J^.CP'', 
d^KP'' = -L^iCP^ - L^KP'' - K^CP'' + k^LP\ 
df.iCP'^ = i^/C^" - L^ICP'' + K^CP'' + K^CP", 
d^CP'' - K^JP'' - K^JP'^ + J^,tP'' + J^/C'^^ 



d^.LP'' = -K^JP'' - K^JP" 
-J^ICP'' + j^icp\ 



(154) 



Remember that J'^,^, JC^,y, C^^ and J^^, JC^,y, Ci_i_^ are 
dual to each other. Here again the valence connection 
becomes the gravitational source of the restricted metric. 

In 3-dimcnsional notation we have 



m 



V2 



Ef^^ = — (-/C^^ni + ICfj_^n2) + C^i^n^, (155) 
v2 



so that the Einstein-Hilbert action (|148p is expressed as 

'^'[fiai ^A" '^A'l '^A" -^A" 

= 16^/{'^-(^^^''-^^^'^) 
-J^^iVPR" ~V''KP) + ICf,^(VP.r -VJP) 



-lC^,^{VPr - VJP) + Cf.^^iVPL" - VLP 



(156) 



From this we can reproduce (|154p . This completes the 
B2 decomposition (the light-like decomposition) of Ein- 
stein's theory. 



The above decompositions of Einstein's theory are in- 
teresting in their own right. They allow us a new inter- 
pretation of Einstein's theory which sheds a new light 
on gravitation. More importantly they have far reaching 
consequences, as we will see |29l] . 



VI. DISCUSSIONS 



In this paper we have discussed the Abelian decom- 
position of Einstein's theory. Imposing proper magnetic 
isometrics to the gravitational connection, we have shown 
how to decompose the gravitational connection and the 
curvature tensor into the restricted part of the maxi- 
mal Abelian subgroup H of Lorentz group G and the 
valence part of G/H component which plays the role 
of the Lorentz covariant gravitational source of the re- 
stricted connection, without compromising the general 
invariance. This tells that the Einstein's theory can be 
viewed as a theory of the restricted gravity made of the 
restricted connection in which the valence connection 
plays the role of the gravitational source of the restricted 
gravity. We show that there are two different Abelian 
decompositions of Einstein's theory, the space-like A2 de- 
composition and the light-like B2 decomposition, because 
Lorentz group has two maximal Abelian subgroups. 

A common difficulty in non- Abelian gauge theory and 
gravitation is the highly non-linear self interaction. In 
gauge theory one can simplify this non-linear interaction 
by separating the gauge covariant valence part from the 
Abelian part of the potential. This simplification has 
played a crucial role to establish the Abelian dominance 
in non- Abelian gauge theory. Here we have shown that 
we can simplify the gravitational interaction exactly the 
same way, treating Einstein's theory as a gauge theory of 
Lorentz group. 

An important ingredient of the decomposition is the 
concept of Lorentz covariant four-index metric tensor g^^ 
which replaces the role of the two-index space-time met- 
ric <7^iy. We have shown that the metric-compatibility 
condition of the connection V^g^iy = is replaced by the 
gauge covariant condition D^g'^" = 0. 

From theoretical point of view, the above decomposi- 
tion of gravitation differs from the Abelian decomposition 
of non- Abelian gauge theory in one important respect. In 
gauge theory the fundamental ingredient is the gauge po- 
tential, and the decomposition of the potential provides 
a complete decomposition of the theory. On the other 
hand in gravitation the fundamental field is assumed to 
be the metric, not the potential (the connection), but our 
decomposition is based on the connection. So one might 
wonder whether one can have an Abelian decomposition 
of Einstein's theory based on the metric. Of course our 
decomposition allows us to have the the decomposition 
of the metric, but only indirectly through the equation of 
motion, as we have seen. It would be very interesting to 
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see if one can actually decompose the metric explicitly, 
and decompose Einstein's theory in terms of the metric. 

This touches a subtle but very important issue on 
the essence of gravitation. The issue here is what de- 
scribes gravity. In Einstein's theory gravity is described 
by the metric alone. But, as Cartan has pointed out 
long time ago , torsion could also be an important part 
of gravity |26| . And indeed in the gauge formalism of 
Einstein's theory the connection (the gau ge p otential of 
Lorentz group) naturally includes torsion |10l. ITlj . This 
tells that our Abelian decomposition is a decomposition 
of a generalized Einstein's theory which includes torsion. 
This is very important, because torsion could generate 
new topological structures which are absent in Einstein's 
gravity. 

Clearly the above decomposition of (generalized) Ein- 
stein's theory has many interesting implications. First of 
all, this tells that one can actually construct a restricted 
theory of gravitation made of the restricted part of con- 
nection alone which has the full Lorentz invariance, or 
equivalently the full general invariance, by excluding the 
Lorentz covariant valence part of connection from the 
theory. In other words, one can have a theory of grav- 
itation which actually is much simpler than Einstein's 
theory, which nevertheless has the full general invariance 
and thus retains all topological characteristics of Ein- 
stein's theory. This is very important, because this tells 
that the restricted gravity describes the core dynamics of 
Einstein's theory. This point can play a crucial role for 
us to understand the quantum gravity. 

Furthermore, the decomposition makes the topology 
of generalized Einstein's theory more transparent as well 
as interesting. Indeed with the Abelian decomposition 
we can study the topological structures of the theory 
more easily, because the topological characteristics are 
imprinted in the magnetic symmetry. For example, the 
A2 decomposition makes it clear that the topology of Ein- 
stein's theory is closely related to the topology of SU (2) 
gauge theory. This is natural, because SU{2) forms a 
subgroup of Lorentz group. This strongly implies that 
gravity may allow the gravito-magnetic monopole which 
has the monopole topology 7r2(S'^) [27i[28j. 

Perhaps more importantly, this strongly implies that 
classical space-time in generalized Einstein's theory may 



have the multiple vacua similar to what we find in SU (2) 
gauge theory. This turns out to be true. In fact with a 
proper magnetic isometry we can construct all possible 
vacuum space-times, and show that they are classified by 
exactly the same multiple vacua that we have in SU (2) 
gauge theory which can be classified by the knot topol- 
ogy 7r3(5'^) = 7r3(S'^) [29|. This has a far reaching con- 
sequence. Just as in SU{2) gauge theory, the multiple 
vacua in gravity can be unstable against quantum fluc- 
tuation. And there is a real possibility that gravitational 
interaction may allow the gravito-instantons which can 
connect topologically distinct vacua and thus allow the 
vacuum tunnelling. Clearly this will have an important 
implication in quantum gravity. Of course the "gravi- 
tational istantons" which have finite action in Euclidian 
space-time have been discussed before, because it was 
hoped that these Euclidian configurations could play an 
important role in quantum gravity [sol . [sij . But so far it 
has not been known exactly what role they play in quan- 
tum gravity. In any case they have not been associated 
with the above multiple vacuum space-time. 

The above discussions raise more questions need to 
be answered. A first question is the existence of a real 
gravito-instanton which can actually make the quan- 
tum tunnelling between topologically different vacuum 
space-times. It would be intersting to find such gravito- 
instanton (if exist), and see whether any of the known fi- 
nite action Euclidian configurations can make the desired 
quantum tunnelling. Another question is the role (if any) 
of torsion in this multiple vacuua and vacuum tunneling. 
Again it would be important to know whether Einstein's 
theory in the absence of torsion can admit multiple vac- 
uua and/or vacuum tunneling. If this is so, it would 
be very interesting to construct the multiple vacuua and 
gravito-instanton in terms of metric. The details of the 
subject and related issues will be discussed separately in 
an accompanying paper f 3j |. 
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